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We calculate pi+ - pi0 mass difference ∆m2pi ≡ m
2
pi+
−m2
pi0
in the Hidden Local Symmetry (HLS)
model, based on the Wilsonian matching and Wilsonian renormalization-group equations. Even
without a1 meson the result agrees well with the experiment in sharp contrast to the conventional
approach where the a1 meson plays a crucial role. For large Nf QCD, there arises a large hierarchy
between ∆m2pi and the pi decay constant F
2
pi , ∆m
2
pi/F
2
pi ≪ 1, near the critical point where the
chiral symmetry gets restored as the vector manifestation and the HLS model becomes a little Higgs
model with two sites and two links, with the dynamically generated gauge coupling of the composite
ρ becoming vanishingly small.
The pi+ - pi0 mass difference ∆m2pi ≡ m
2
pi+ −m
2
pi0 was
first successfully calculated [1] by the current algebra in
conjunction with the Weinberg’s spectral function sum
rules [2]. Since then it has been a prototype of the mass
calculation of pseudo Nambu-Goldstone (NG) bosons in
strong coupling gauge theories such as those in the tech-
nicolor theories [3] and more recently in the little Higgs
models [4]. Hence this type of calculation plays a central
role of the model buildings.
The basic technology to calculate those pseudo NG
bosons up to the present has been an ancient one through
the Weinberg’s first and second sum rules [2] saturated
by the pi, ρ and a1 meson poles. Then the calculation
heavily depends on the somewhat elusive broad resonance
of a1 meson whose mass however substantially deviates
from the prediction of the Weinberg’s sum rules. The
reason why the method remains so awkward is due to
our ignorance of the strong coupling dynamics of QCD
and QCD-like theories and their effective field theory.
Then the calculation is also challenging for theorists to
construct the effective field theory of hadrons.
Recently two of the authors (M.H. and K.Y.) devel-
oped an effective field theory at loop order based on
the Hidden Local Symmetry (HLS) model [5, 6]: The
bare parameters of the HLS model was determined by
those of the underlying QCD through the matching of
current correlators of both theories at a certain scale
Λ (≃ 1.1.GeV) which is the cutoff for the HLS model
(“Wilsonian matching”) [7]. Once the bare parameters
of the HLS model defined at Λ were so determined, we
did uniquely predict the low energy hadron physics by
the one-loop renormalization group equations (RGEs)
due to the pi and ρ loops including quadratic divergences
(“Wilsonian RGEs”) [7, 8]. The results were in remark-
able agreement with experiments. (For a detailed review
of the whole approach see Ref. [9].)
In this paper we shall apply the same method of HLS
model to the calculation of the pi+-pi0 mass difference
∆m2pi. The method is straightforward and has essentially
no ambiguity once we fixed the Λ which was already fixed
to be≃ 1.1GeV in the previous analyses. Remarkably, we
can successfully reproduce the experimental value with-
out introducing the a1 meson whose mass is higher than
our matching scale Λ ≃ 1.1GeV.
Moreover, there occurs cancellation of the quadratic
divergences in ∆m2pi arising from the pi and ρ loops which
in the usual approach is to be canceled by the conspiracy
between the pi, ρ and a1 mesons as required by the pole-
saturated form of the Weinberg’s first sum rule. It was
shown in Refs. [7, 9] that the bare Lagrangian of our
HLS model, when the photon and ρ gauge couplings are
switched off, is very close to the Georgi’s vector limit [10],
which corresponds to locality of the theory space of the
little Higgs model of two sites and two links, and hence
the one-loop absence of quadratic divergence takes place
for the same reason as in the little Higgs. So this type of
little Higgs is already realized in the real-life QCD !
Although the dynamically generated HLS gauge cou-
pling of the composite ρ is rather strong, g2(Λ) ≫ 1,
in the real-life QCD with Nf = 3, it was found [9, 11]
that when Nf is increased in the underlying QCD so that
the chiral symmetry is expected to get restored at certain
critical value N critf [12, 13], the corresponding HLS model
goes over to the Vector Manifestation (VM) [11] where
the ρ coupling as well as the ρ mass and Fpi becomes
vanishingly small; g2 → 0, m2ρ/Λ
2 → 0 and F 2pi/Λ
2 → 0.
Then the VM will in fact provides a toy model for the
dynamical generation of the little Higgs models out of
strongly interacting underlying gauge theories. We shall
also demonstrate a large hierarchy∆m2pi/F
2
pi ≪ 1 near the
VM point as desired in the little Higgs model building.
However, we do not attempt here to construct a realistic
model for the little Higgs. The quartic coupling as well as
the Yukawa coupling is not considered either. We do in-
stead demonstrate a concrete example for a possibility to
dynamically generate a class of little Higgs models, with
the locality of the theory space explicitly broken only by
weakly coupled gauge interactions, out of strongly coupled
2underlying gauge theories.
Let us start with briefly explaining the HLS model and
its loop calculations (For a detailed review see [9]). The
HLS model [5, 6] is an extension of the nonlinear sigma
model based on the Gglobal×Hlocal symmetry, where G =
SU(Nf )L × SU(Nf )R is the global chiral symmetry and
H = SU(Nf )V the HLS whose gauge bosons are identified
with the ρ meson and its flavor partners (to be denoted
as ρ hereafter). Here Nf denotes the number of massless
quark flavors in the underlying QCD (We take Nf = 3 for
the real-life QCD. See [7, 9].). The basic dynamical vari-
ables in the HLS model are gauge bosons ρµ = ρ
a
µTa of
the HLS and two SU(Nf )-matrix-valued variables ξL and
ξR parameterized as ξL,R = e
iσ/Fσe∓ipi/Fpi which trans-
form as ξL,R(x) → ξ
′
L,R(x) = h(x)ξL,R(x)g
†
L,R, where
h(x) ∈ Hlocal and gL,R ∈ Gglobal. Here pi = pi
aTa denotes
the NG bosons (pi meson and its flavor partners) associ-
ated with the spontaneous breaking of G and σ = σaTa
(with JPC = 0+−) the NG bosons absorbed into the
(longitudinal) HLS gauge bosons ρ (not to be confused
with the scalar boson “sigma” in the linear sigma model
which has JPC = 0++). Fpi and Fσ are the relevant decay
constants, with a ratio a defined by
a ≡ F 2σ/F
2
pi . (1)
The covariant derivatives of ξL,R are defined by DµξL =
∂µξL − igρµξL + iξLLµ = DµξL − igρµξL, and similarly
for L → R, where g is the HLS gauge coupling. Lµ and
Rµ denote the external gauge fields (such as the photon
and W and Z bosons) gauging the Gglobal symmetry.
The (bare) HLS Lagrangian at O(p2) is given by [5, 6]
L(2) = F
2
pi tr [αˆ⊥µαˆ
µ
⊥] + F
2
σ tr
[
αˆ‖µαˆ
µ
‖
]
+ Lkin(ρµ) , (2)
where Lkin(ρµ) denotes the kinetic term of ρµ. In the
unitary gauge σ = 0, the second term, containing αˆµ‖ =
(DµξL ·ξ
†
L+DµξR ·ξ
†
R)/(2i) = DµξL ·ξ
†
L+DµξR ·ξ
†
R−gρµ,
yields the ρ mass term M2ρ = (gFσ)
2 as well as the ρpipi
coupling gρpipi = (a/2)g, ρ− γ mixing gρ = gF
2
σ , and the
direct 4pi coupling, etc., while the first term containing
αˆµ⊥ = (DµξL ·ξ
†
L−DµξR ·ξ
†
R) = (DµξL ·ξ
†
L−DµξR ·ξ
†
R)/(2i)
is identical to the usual nonlinear chiral Lagrangian based
on G/H , with G being gauged by the external gauge
bosons Lµ and Rµ, where the flavor chiral symmetry
G is given by the diagonal sum of Gglobal and Hlocal,
with the flavor vector symmetry H being the diagonal
sum of Hglobal(⊂ Gglobal) and Hlocal. In the low energy,
p2 ≪ M2ρ , where the ρ kinetic term can be ignored, the
equation of motion of ρ from the second term simply gives
zero for the second term, thus the HLS model is reduced
to the first term, namely the usual (gauged) nonlinear
chiral Lagrangian based on G/H .
Let us now calculate pi+-pi0 mass difference or its Nf
generalization, ∆m2pi, the mass of the pseudo-NG boson
associated with the T1 generator in the QCD with Nf
massless quarks. The photon field Aµ reads Lµ = Rµ =
eQAµ, where e is the electromagnetic coupling and Q
the electromagnetic charge matrix of the diagonal form:
diag(Q) = (2/3,−1/3, ··). In order to include the pho-
ton loop, we need to add the kinetic term of the pho-
ton field to the O(p2) Lagrangian in Eq. (2). The HLS
Lagrangian further needs a bare term proportional to:
αemΩ tr
[
QUQU †
]
, where U = ξ†LξR = e
2ipi/Fpi(Λ) and
αem = e
2/4pi is the fine structure constant. The bare
∆m2pi defined at Λ is then given by
∆m2pi
∣∣
bare
= αemΩ(Λ)/F
2
pi (Λ) ≡ αem ω(Λ) . (3)
Such a bare term arises from integrating out the quark
and gluon fields down to the matching scale Λ in the
presence of dynamical photon field and can be deter-
mined by the Wilsonian matching proposed in Refs. [7, 9].
To estimate it, we rewrite [14] the usual current alge-
bra formula [1] for ∆m2pi in terms of the full current
correlators instead of the spectral functions: ∆m2pi =
(3αem/4pi)
∫∞
0 dQ
2Q2∆Π(Q2)/F 2pi (0), where ∆Π(Q
2) ≡
ΠA(Q
2)−ΠV (Q
2) is the difference between the axialvec-
tor correlator ΠA(Q
2) and the vector current correlator
ΠV (Q
2), and Fpi(0)(6= Fpi(Λ)) the physical decay con-
stant of pi. Now we identify the high energy part of the
integral for Q2 > Λ2 as the bare term Eq. (3):
ω(Λ) =
3
4pi
∫ ∞
Λ2
dQ2Q2
∆Π(QCD)(Q2)
F 2pi (0)
=
8
3
αs 〈q¯q〉
2
F 2pi (0)Λ
2
,
(4)
where ∆Π(QCD)(Q2) is given by the operator product ex-
pansion (OPE) in QCD [15]: ∆Π(QCD)(Q2) = [4pi(N2c −
1)/N2c ][(αs 〈q¯q〉
2
)/Q6] and we set Nc = 3. Note that
Eq. (4) is positive and hence the OPE gives a clear picture
that the QCD vacuum is aligned by the photon coupling
in the desired direction as far as the bare ω is concerned.
In the real-life QCD with Nf = 3, Eq. (3) with Eq. (4)
is estimated as:
∆m2pi
∣∣
bare
= αemω(Λ) = 211± 47± 140MeV
2 (5)
for a typical value of (Λ , ΛQCD) = (1.1 , 0.4)GeV, where
the first error comes from Fpi(0) = 86.4 ± 9.7MeV (the
value at chiral limit of Nf = 3) [9] and the second one
from 〈q¯q〉1GeV = − (225± 25MeV)
3
[16].
Now we calculate one-loop contribution Σab (diver-
gent part) to the pia-pib two point function from the
photon loop in the HLS (For the Feynman rule see
Ref. [9]). In Landau gauge for the photon, the only
relevant diagrams are a quadratically divergent γ loop
with the pipiγγ vertex proportional to (1 − a), and a
logarithmically divergent ρ − γ loop (via ρ − γ mix-
ing) with the pipiργ vertex, which is proportional to
[ag2+(a−1)e2]F 2pi ≃ ag
2F 2pi =M
2
ρ (for ag
2 ≫ (a−1)e2):
Σab|div = 2 tr [[Ta , Q] [Tb , Q]]αem ω|div, where ω|div =
1
4pi
[
(1− a)Λ2 + 3aM2ρ ln Λ
2
]
[17]. Here we used as in
3Refs. [7, 8, 9] the dimensional regularization and iden-
tify the quadratic divergences with the n = 2 pole (Note
that the coefficient of the quadratic divergence is 1/3 of
that of the naive cutoff) [18]. The RGE for ω thus reads
µ
dω
dµ
= −
1
2pi
[
(1− a)µ2 + 3aM2ρ
]
. (6)
We first solve Eq. (6), with the boundary condition
Eq. (4), from Λ tomρ, with the physical massmρ defined
by m2ρ = M
2
ρ (µ = mρ) = a(µ = mρ) g
2(µ = mρ)F
2
pi (µ =
mρ), which yields ω(mρ). Here the RGEs of other pa-
rameters Fpi , a and g were already solved in the previous
analyses [7, 9] in excellent agreement with the experi-
ments, with their bare values determined by the Wilso-
nian matching of the HLS model with the underlying
QCD through the OPE for the current correlators.
At µ = mρ the ρ gets decoupled, so that the RGE
for 0 < µ < mρ should be changed to that of ChPT
without ρ loop where we change the notation of ω to ω(pi).
Then the RGE for ω(pi) takes the form of that obtained
by setting a = 0 in Eq. (6), which is readily solved as
ω(pi)(µ) = ω(0)− µ2/4pi where ω(0) ≡ ω(pi)(0). Then we
get ω(0) = ω(pi)(mρ) + m
2
ρ/4pi. Actually, we needed to
include finite renormalization effects to match the HLS
with ChPT in the previous work [7, 9]. Similarly to F 2pi
at µ = mρ, there exists a finite renormalization effect
also for ω: Comparing the quadratic divergence of each
RGE, we have ω(pi)(mρ) = ω(mρ)− a(mρ)m
2
ρ/4pi. Then,
ω(0) = ω(mρ) + [1− a(mρ)]m
2
ρ/4pi , (7)
which yields ∆m2pi = αemω(0).
As shown in the previous works [7, 9], the real-life QCD
is close to the choice a(Λ) ≃ 1. We thus first demonstrate
a simplified analysis for an ideal case a(Λ) = 1, which
was explicitly shown [9] to yield a reasonable agreement
with the ρ and pi experiments: Fpi(0) = 73.6 ± 5.7MeV
(compared with 86.4 ± 9.7MeV [9]) and other quanti-
ties such as gρ, gρpipi, L9, L10. Moreover, in spite of
the bare value a(Λ) = 1, the physical value defined as
a(0) ≡ F 2σ (mρ)/F
2
pi (0) was predicted to be ≃ 2.0, very
close to the successful value of the tree-level phenomenol-
ogy [5, 6]. Note that the quadratic divergence for ω is
proportional to (1−a) which is canceled for a = 1 without
invoking the Weinberg’s first sum rule.
Since a = 1 is the fixed point of the RGE [8, 9], we have
a(mρ) = 1 and hence ω(0) = ω(mρ). If we neglected the
running of M2ρ in Eq. (6), the RGE (6) would be read-
ily solved to give ∆m2pi = αemω(mρ) = (3αem/4pi)M
2
ρ ·
ln(Λ2/M2ρ )+∆m
2
pi |bare, with ∆m
2
pi|bare = 290±149MeV
2
(for Fpi(0) = 73.6 ± 5.7MeV above), which would yield
∆m2pi ≃ 1006MeV
2 if we took M2ρ as m
2
ρ [19]. Amaz-
ingly, even such a crude estimate is in rough agreement
with the experiment ∆m2pi|exp. = 1261MeV
2. Actually,
the running effect of M2ρ (µ) boosts up the above quan-
tum corrections: Solving Eq.(6) together with RGEs for
other parameters as in [9], we have
∆m2pi = αemω(0) = 1223± 263MeV
2 , (8)
for a typical case (Λ , ΛQCD) = (1.1 , 0.4)GeV [20], where
the error comes from the 〈q¯q〉1GeV input.
Now in the full analysis ofNf = 3 case [7, 9], we used as
an input the experimental value Fpi(0) = 86.4± 9.7MeV
instead of the ansatz a(Λ) = 1, and predicted the low
energy quantities in remarkable agreement with the ex-
periments. The bare parameter a(Λ) in this case was de-
termined as a(Λ) ≃ 1.3 for (Λ , ΛQCD) = (1.1 , 0.4)GeV.
Under this full analysis setting, we compute ∆m2pi as
∆m2pi = 1129± 18± 218MeV
2 , (9)
where the first error comes from the Fpi(0) input. This
is in good agreement with the experiment.
Thus we have successfully reproduced the experimen-
tal value of ∆m2pi in the HLS model with a(Λ) ≃ 1, with-
out introducing the a1 meson and without invoking the
Weinberg’s spectral function sum rules.
Now we discuss our result in connection with the little
Higgs models. We have seen that the real-life QCD is
very close to a(Λ) = 1, which implies that the quadratic
divergence of ∆m2pi in the HLS model, Eq. (6), does dis-
sappear in accord with the little Higgs [4]. The HLS
model with a = 1 actually corresponds to the locality of
the theory space in the little Higgs models: When the
gauge couplings of both ρ and photon are switched off,
g = e = 0, the HLS Lagrangian takes the Georgi’s vector
limit [10] G1×G2/G1+2 with G = SU(Nf )L×SU(Nf )R,
which is nothing but a little Higgs model with two sites
and two links. This implies that the locality of the the-
ory space is violated only by the gauge couplings g and e
even for the real-life QCD with Nf = 3: G1 is explicitly
broken by the ρ coupling down to Hlocal and G2 becomes
Gglobal of the HLS model, while G2 (and hence Gglobal)
is also explicitly broken by the photon coupling down to
U(1)Q, with those gauge symmetries spontaneously bro-
ken in the Higgs mechanism: Hlocal × U(1)Q → U(1)em.
Then, as we have seen, some of the NG bosons acquire a
mass
∆m2pi ∼ (3/4pi)αemm
2
ρ ∼ (1/4pi)αemαHLSΛ
2 (10)
(up to ∆m2pi|bare), where, however, αHLS = g
2(mρ)/4pi is
rather large ∼ 1 in the real-life QCD, ∆m2pi/Λ
2 ∼ 0.001,
in contrast to the setting of the little Higgs for the nat-
ural hierarchy, ∆m2pi/Λ
2 ∼ (100GeV/10TeV)2 ∼ 0.0001,
which corresponds to αHLS ∼ 0.1.
At first sight it looks rather difficult to have weakly
coupled gauge theory of composite ρ induced by the
underlying strong coupling gauge theory. However, it
was recently found [9, 11] that the ρ gauge coupling be-
comes vanishingly small, αHLS → 0, when we increaseNf
(< 11Nc/2) from 3 to a certain critical point N
crit
f where
4the chiral symmetry in the underlying QCD was shown
to get restored in various approaches including the lat-
tice simulation [12], Schwinger-Dyson equation [13], etc.
(“Large Nf QCD”). Accordingly the ρ mass goes to zero
at the critical point and hence the (longitudinal) ρ be-
comes the chiral partner of the NG boson pi, which we
called “Vector Manifestation (VM)” of the Wigner real-
ization of chiral symmetry [9, 11], characterized by
F 2pi (0)→ 0 , m
2
ρ → m
2
pi = 0 , a(0)→ 1 . (11)
Through the Wilsonian matching, the chiral restoration
in the underlying large Nf QCD actually dictates that
the bare parameters of the HLS model should take the
following conditions called “VM conditions” [9, 11]:
g(Λ)→ 0 , a(Λ)→ 1 , (12)
which coincide with the Georgi’s vector limit, plus
F 2pi (Λ) → (F
crit
pi )
2 =
Ncritf
2(4pi)2Λ
2, with N critf ≃ 5.0
Nc
3 be-
ing estimated through OPE in the underlying QCD. [21]
Since (a, g) = (1, 0) is a fixed point of the RGEs, we
have ω(0) = ω(mρ → 0) = ω(Λ), where ω(Λ) is given
by Eq. (4)[22]: ω(Λ) ∼ 〈q¯q〉2/F 2pi (0) which is expected
to vanish near the critical point, since 〈q¯q〉2 ∼ m6−2γm
and Fpi(0) ∼ m near the critical point, where γm is the
anomalous dimension and m(→ 0) the dynamical mass
of the fermion in the underlying large Nf QCD. Actually,
we expect [13] that the large Nf QCD becomes a walking
gauge theory [23] near the critical point, which implies
γm ≃ 1. Thus we have
∆m2pi/F
2
pi (0) ∼ αem〈q¯q〉
2/F 4pi (0) ∼ m
2−2γm → c , (13)
where c = 0 (γm < 1), and c ≃ 0.024 ≪ 1 (γm = 1) if
estimated through a simple ansatz about the Nf depen-
dence made in Ref. [9]. Thus the desired hierarchy in
the little Higgs can naturally be realized near the critical
point of strongly coupled underlying gauge theory.
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